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ABSTRACT. It is known that the Shannon capacity of the g-ary symmetric channel
(gSC) is the same as the list-decoding capacity of an adversarial channel, raising the
question of whether there is a formal (and black-box) connection between the two. We
show that there is: Any linear code C' C ]F;‘ that has minimum distance dy;, = w(qg)
and achieves list-decoding capacity also achieves capacity on the qSC.

1. INTRODUCTION

A linear code of length n over a finite field IF, is a F -linear subspace C' C Fy. In
coding theory, we think of a code C' as the set of encodings of possible messages. If
a sender wants to send a message to a receiver over a noisy channel, they choose the
corresponding element ¢ € C' (called a codeword), and transmit ¢ over the channel. A
receiver sees a noisy version of the codeword, ¢, and must recover c. Two primary goals
in designing such a code C are (a) low redundancy, meaning that n, the length of a
codeword ¢ € C, is not too much larger than log, |C|, the length of a message encoded
with the code; and (b) tolerance of as many errors as possible.

The requirement of low redundancy is quantified by the rate of the code: The rate R
of a code C' C Fy is defined as R = bqum. The rate R is always between 0 and 1, and
the larger it is, the lower the redundancy of the code.

The requirement on error tolerance depends on the channel model. In this paper,
we focus on two well-studied channel models, both parameterized by p € (0,1). The
first model is the g-ary symmetric channe]ﬂ qSC,. The second model is an adversarial
channel that may corrupt up to a p-fraction of the symbols sent in a worst-case way.
Thus, in each model, we are concerned with the best possible trade-off between R and p.

In the case of the qSC,, the best trade-off between R and p is well-understood. The
best rate at which reliable communication possible on the qSC,—known as the Shannon
capacity of the channel—is R = 1 — h,(p), where

1 -1
he(p) := (1 —p)log, T + plog, qT
is the g-ary entropy function [Sha48]. A family of codes that approaches this trade-off
is said to achieve capacity on the qSC, (see Definition .

"n the qSC,, each g-ary symbol is corrupted independently with probability p; if a symbol is corrupted,
it is replaced by a uniformly random different symbol in F,,.
1
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As one would expect, the best possible trade-off between R and p is worse in the
adversarial case than in the stochastic case[] However, if one relaxes the definition
of “reliable decoding,” one can do better. More precisely, we consider the notion of
list-decoding, a classical notion introduced by Elias and Wozencraft [EIi57, [Woz58]. In
list-decoding, the decoder’s goal is no longer to return only the transmitted codeword
¢ € C, but rather a short list of possible codewords that is guaranteed to include c.
Formally, C'is (p, L)-list-decodable if for all w € Fy,

H{ce C : d(w,c) <pn}| < L.

It is known (see, e.g., [GRS23|, Theorem 7.4.1) that the best E| possible trade-off between
R and p in the list-decoding setting is also 1 — hy(p), exactly the same as the Shannon
capacity of the gSC,! If a family of list-decodable codes approaches this trade-off, we
say that it achieves list-decoding capacity (see Definition .

Our question. This state of affairs raises a natural question: Since the capacity of the
qSC, is the same as the list-decoding capacity, is there a formal connection between these
two notions? In the list-decoding literature, it is common to introduce list-decoding as
a “bridge” between the Shannon and Hamming models, in that list-decoding allows one
to reach the Shannon capacity of a channel, even under a worst-case (Hamming) model
of errors[] But can this be made formal?

In this paper we show that there is a formal connection, at least in one direction.
That is, we show that any list-decodable code C' with good enough minimum distanceﬂ
achieves capacity on the qSC,. (As we note below, the converse is not true.) In the
next section, we describe our results in more detail.

1.1. Our Results. Our main result is the following theorem.

Theorem 1. Letp € (0,1). Let {C,, C TV} be a family of linear codes that achieves list-
decoding capacity on the adversarial channel that introduces a p-fraction of corruptions.

If din(C) = w(ﬁ), then {C,} achieves capacity on the ¢SC,.

Theorem follows from a more general statement about (p, L)-list-decodability, which
we present in Theorem [I5] Next, we state a slightly weaker but more easily digestible
version of that result.

%In fact, for small g, the best possible trade-off between R and p is still unknown in the adversarial
model.

3In this informal discussion, we have not mentioned the size L of the list the decoder is allowed
to output. Slightly more formally, the list-decoding capacity theorem states that there are codes of
rate R = 1 — hy(p) — € that are (p, L)-list-decodable where L depends on € but not on n; and that
conversely any code of rate bounded above 1 — hq(p) cannot be list-decodable with any list size L that
is sub-exponential in n.

4For example, the chapter on list-decoding in the textbook [GRS23] is titled “Bridging the Gap Between
Shannon and Hamming: List Decoding.”

’The minimum distance of a code C' is dupin(C) = minezycc d(c, '), where d(-,-) denotes Hamming
distance.
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Theorem 2. Let C C Fy be a linear, (p, L)-list-decodable code with minimum distance

Amin(C) > ﬁln‘l(n[/) for sufficiently large n. Then C can be used for reliable
7

Inn-

See Section [f for the proof of Theorems [I] and [2}

Remark 1 (Requirement on the field size). As stated, the hypothesis of Theorem @
requires that du,(C) be at least ¢°, which in particular implies that ¢ < n'/3. This rules
out codes like Folded Reed-Solomon codes, where q is a large polynomial in n. However,
for known constructions of list-decodable codes over growing alphabets, the conclusion
of Theorem 3 already follows from previous work, and so our contribution is to focus on
the case where q > 2 is fized.

In more detail, it is known that any linear code with distance at least pn over
a sufficiently large alphabet admits reliable communication over the ¢SCy for some
p = p—o(1) [RULO|; and it is also known that any linear (p, L)-list-decodable code
C CFy with ¢ > L has distance at least pn [GST21], Proposition 6.5]. Thus, any linear
(p, L)-list-decodable code C C F} with ¢ = w(1) and L = O(1) has distance at least pn
by [GST21], and therefore admits reliable communication on the ¢SC by [RUIL0].

communication on the ¢gSCy, where p' = p —

We note that the converse of Theorem (qSC capacity implying list-decoding capacity)
does not hold in general. For instance, Reed-Muller codes achieve capacity over the
BSC, [RP24], [AS23] but have 292(n) codewords of weight < pn, for every constant p
(see, e.g., [ASSY23]). We leave it as an intriguing open problem to identify sufficient
conditions under which the converse holds.

We show in Appendix |B| that the requirement that the minimum distance be large
cannot be avoided entirely. More precisely, we show that there exist codes C' C Fy
with constant minimum distance that achieve list decoding capacity but do not achieve
capacity on the g-ary symmetric channel.

Finally, we give a simple proof that Theorem [2/holds for erasures, without the linearity
and alphabet size requirements.

Theorem 3. Let C' C Zy be a (p,L)-list-decodable code with minimum distance
dmin(C) = w(logL). Then C can be used for reliable communication on the g-ary
erasure channel, ¢EC,, where p' = p — o(1).

We prove Theorem [3] in Appendix [A]

Remark 2 (New results for capacity-achieving codes on the qSC,?). It is natural to
ask whether or not our results imply new constructions of capacity-achieving codes on
the ¢SC,. The answer is yes, in that there are known capacity-achieving list-decodable
codes over constant-sized alphabets, even with efficient algorithms, to which our theorem
applies and which to the best of our knowledge had not previously been known to achieve
capacity on the ¢SC (e.g. [HRW17, [KRSW18, [GR22]). Howewver, it seems unlikely
that these constructions—which are designed to solve the (as we show here) strictly
harder problem of list-decoding—would yield more practical results on the ¢SC than
polar codes [Ari09]. Thus, our main contribution is to establish a formal connection
between these two problems.
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1.2. Overview of Techniques. Before we discuss our techniques, we set up a bit more
notation. For a transmitted codeword ¢ € C', we write the received corrupted codeword
as

c=c+z,
where z € [y is an error vector. Thus, in the gSC,, each coordinate of z; is independent,
and is equal to 0 with probability 1 — p and is uniformly random in F; with probability
p. In the adversarial channel, z is an arbitrary vector of weight at most pn.

Now we can give a high-level overview of our techniques. Let D* : Fj — C be a
maximum-likelihood decoder on the qSCp.ﬁ As C' is linear, we can pick D* so that
its success depends only on the error vector z, and we may assume without loss of
generality that the transmitted codeword was ¢ = 0. Define the function

O F2) im {1 if D*(z) =0,

0 otherwise.

The expectation of f is exactly the probability that D* outputs the correct codeword.
Showing that C' allows reliable communication on qSC,; for some p’ = p — o(1) is thus
equivalent to showing that

(2) E [f(2)] =1-o(1).

zrop!

In the equation above, we use z ~ p’ to mean that, independently for each coordinate
i € [n,

0 with probability 1 — p/
2 =g . . - / .
je{1,2,...,q—1} with probability =1
One key observation is that if C'is (p, L)-list-decodable, then we must have
1
3 E [/(2))2 1 —oll)
zeop

for, say, p’ = p — n~'/%. Indeed, consider the following decoder D: upon receiving some
corrupted codeword m € Fy, find all the codewords ¢ € C' such that wt(c+m) < pn,
and output one such codeword uniformly at random. Since C'is (p, L)-list decodable,
there can never be more than L codewords ¢ € C' satisfying wt(c +m) < pn. Thus as
long as the error string z has weight smaller than pn, the decoder D will succeed in
outputting the correct codeword with probability at least % But if 2 ~ p/, then z has
weight smaller than pn with high probability. Thus, on z ~ p’ our decoder D outputs
the correct codeword with probability at least + — o(1). Since the max-likelihood
decoder D* is optimal, it must perform at least as well as the decoder D, and we thus
get .

In order to deduce from , it will then suffice to show that the function
9(p') = E.vp[f(2)] has a sharp transition as a function of p/. This was proven for ¢ = 2
in [Zém93| [TZ00]. Thus, combined with their result, the above argument immediately
implies Theorem [2] for binary codes. Our main technical contribution is to generalize

5That is, given a corrupted codeword ¢ = ¢+ z, the decoder D* returns a closest codeword D*(¢é) to ¢.
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their arguments to larger field sizesﬂ Formally, our goal will be to bound the derivative
of E[f] by

() < B[] < () E[EI0- E ().
P z~p z~p zevp

Margulis [Mar74] and Russo [Rus82| pioneered the use of such inequalities for proving
that the expectation of certain Boolean functions transitions quickly from 1 — o(1)
to o(1). The point is that whenever E[f] is away from 0 and away from 1, we have
E[f](1 — E[f]) away from 0, and thus the w(1) term in (4) ensures that in this regime
the derivative of E[f] is large.

Now for any monotone function f : Fy — {0, 1}, we can bound the derivative of the
expectation as

(5) 4 B < —— B (),

where we define the quantity

2) = ’{z €[n]:z=0and Ja #0s.t. f(za;) = O}) if f(z) =1,
otherwise.

For ¢ = 2, the inequality first appeared in [Mar74, [Rus82] and is called Russo’s
Lemma; the generalization to larger ¢ is stated as Lemma |§| To make use of , we
prove in Section |3| the following isoperimetric inequality, which is a generalization of a
bound proven by Talagrand for q =2

(6) E [he(2)] > V_ E[f@I(1- E[f)]),

where we denoted the minimum positive Value of hy by
Ar=  min {hp(@)}.

xz€F:hy(x)#0
To obtain our desired inequality from the bounds and @, it will thus suffice
to show that our specific function f (the indicator function of a successful decoding,
defined in (1)) satisfies Ay = w(1). That is, we want to show that if 2 € F} is some
error string that leads to correct decoding, and if one of the neighbors of x leads to
incorrect decoding, then there must be many such “bad” neighbors of x.

Intuitively, this is because in order for z and one of its neighbors to be mapped to
different codewords, it must be the case that = is about halfway between the transmitted
codeword (as above, let us assume that the transmitted codeword is the all-0 codeword),
and some other codeword c. Formally, it must be the case that

d(z,0) < d(z,c) < d(x,0)+ 2,

where d(a, b) denotes the Hamming distance between vectors a and b. For simplicity, in
this section assume that d(z,c) = d(z,0) + 1. Then for any coordinate i € [n| where

"As discussed in Section such a generalization was asserted in [KCC10] in a different context, but
as discussed in Appendix |g we believe that their proof is missing key elements.
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r; = 0 and ¢; # 0, the neighbor 2’ of 2 obtained by setting the i coordinate to ¢; is
closer to ¢ than to 0. Each such neighbor 2’ thus satisfies f(z') = 0, and we have

hy(z) > [{i € [n] 2 =0,¢; #0}.

The exact number of such coordinates i € [n] can be bounded in terms of the distance
between 0 and ¢, which itself is bounded by the minimum distance of the code. See
Section [] for more details.

Once we obtain a lower bound on Ay, our desired inequality (4)) follows from equations

and @

1.3. Related Work. Both capacity-achieving codes on the qSC and capacity-achieving
list-decodable codes are extremely well-studied, with lines of work going back to the
1950’s or earlier. In this section, we mention a few of the most relevant works.

Capacity-Achieving Codes on the qSC,. As noted above, the capacity of the qSC,,
has been known since Shannon’s seminal work in the 1940’s [Sha48]. Shannon already
observed that random codes achieve capacity, but it was not until the 1960’s that
explicit constructions were obtained with Forney’s concatenated codes [For66]. These
codes have poor performance in terms of the gap to capacity, which has been more
recently improved by Arikan with polar codes [Ari09]; polar codes also have efficient
decoding algorithms. Even more recently, Reed-Muller codes have also been shown to
achieve capacity on the binary symmetric channel [ASWT15, KKM™16, RP24, [AS23].
Ensembles of LDPC codes are also known to achieve capacity under maximum-likelihood
decoding [Gal62], or even under efficient algorithms [LMST97, [KRU13].

List decoding. The notion of list decoding was first introduced by Elias [Eli57] and
Wozencraft [Woz58], and since then several ensembles of codes have been shown to
achieve list-decoding capacity. Here, we survey these codes and also comment on how
Theorem [I] applies to them.

The original work of Elias and Wozencraft showed that uniformly random codes
achieve list-decoding capacity with high probability, and a more recent line of work has
established the same for uniformly random linear codes [ZP81l, (GHK10, Woo13| LW21
GLM™22|. Both random codes and random linear codes are known to achieve capacity
on the qSC with high probability, so our results do not imply anything new for these
ensembles.

The first explicit constructions were obtained by Guruswami and Rudra, who showed
in [GROS] that folded Reed-Solomon codes achieve list decoding capacity. This break-
through was followed by a line of work on explicit constructions, both improving the list
size for folded RS codes (e.g., [KRSW1S, [Tam24| [Sri24, [(CZ24]), and by extending these
results to other families of codes, including multiplicity codes [GW13| [Kop15]. Going
back to randomized constructions (though with more structure than random linear
codes), a recent line of work has also established that randomly punctured Reed-Solomon
codes [BGM23|, (G723, [AGL24, BST24] are also capacity-achieving list-decodable codes.
As discussed in Remark , our resuls to not apply to these codes (as they are over large
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alphabets), but for those with constant list-sizes, the fact that they achieve capacity on
the qSC follows from known results.

Finally, we turn to constructions of capacity-achieving list-decodable codes with
constant alphabet sizes. These include Gallager’s ensemble of LDPC codes [MRR.™20)];
concatenated codes [GR10]; and constructions based on algebraic geometry (AG)
codes, for example [GX13| [ HRW17, [GR22| (GX22, BDGZ23]. Some of these codes—for
example, [HRW17, [(GR22]—come with efficient list-decoding algorithms and were also
not already known to achieve capacity on the gSC,. Combined with our results, this
implies that not only do these codes achieve capacity on the qSC,, but they also have
efficient decoding algorithms.

Threshold Phenomena. As mentioned in Section our main technical contribution
is a threshold result for the success probability of decoding on the qSC,. Our techniques
build on a long line of work, which we briefly mention here.

Margulis [Mar74], Russo [Rus82] and Talagrand [Tal93] showed that the expectation
of any monotond] Boolean function f sharply transitions from E[f] > 1 — o(1) to
E[f] < o(1), as long as no z € f~!(1) has a small, nonzero number of neighbors in
f71(0). This fact has already seen many applications in coding theory [Z&ém93, [TZ00,
T704, KKM*16, KCP16]. In particular, Tillich and Zémor proved in [Zém93, [TZ00]
that the decoding probability of any binary linear code with large minimum distance
undergoes a sharp transition. Our main technical contribution is a generalization of
these results to larger alphabets (see Sections 3| and {4} and in particular Theorem .

We note that an attempt was already made in [KCCI0] to generalize the results of
Tillich and Zémor to larger alphabets, but unfortunately the proof in [KCCI10] seems
to be missing key elements and does not seem to be correct as written. We explain in
Appendix [C] why we think that a new proof of this generalization is needed.

2. CONVENTIONS AND PRELIMINARIES

2.1. Finite fields. We will work with the finite field IF, over ¢ elements. Given any
vector z € F}, we denote its Hamming weight by

wt(z) == {i € [n] : z; # 0}.

Given two vectors y, z € Fy, we denote their Hamming distance by
d(y, z) := wt(z —y).

2.2. Probability Theory. For any probability distribution D over a set X, we will use
the notation x ~ D to denote a random element x € X sampled according to D. The
main probability distribution that we will use throughout this paper is the distribution
of a p-noisy string over F, which we define as follows. For p € [0, 1], we use

Z~Dp

8See Section for a formal definition of monotonicity.
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n

" meaning that for each i € {1,...,n}, i*" entry is

to denote a p-noisy string z € F
independently
0 with probability 1 — p,
Zi =9 . . .- .
j  with probability q%l, for all j € {1,2,...,q—1}.

We will also need Hoeffding’s inequality (see for example, [BLM13]).

Lemma 4 (Hoeffding’s Inequality). Let X1, Xs, ..., X, be independent random variables
taking values in [0,1]. Then for any t > 0, we have

=1 =1

and

=1 =1

2.3. Monotonicity. A property that will play a key role in our analysis is monotonicity.
We say that a function f : Fy — {0,1} is monotone decreasing if for any index i € [n],
any point z € Iy, and any a € {1,2,...,q — 1}, we have

f(20:) < f(zay).

The expectation of any monotone decreasing function is decreasing (see for e.g. [BLM13],
page 280).

Fact 5. For any monotone decreasing function f : Fy — {0, 1}, the function

9(p) == E [f(2)]

zZrop
1S decreasing.

We derive some useful properties of monotone functions in Section [3]

2.4. Coding and Decoding. A linear code of length n over the field F, is a subspace
CC IFZ. A deterministic decoder for a code C' C IFZ is a function D : ]FZ — (', and a
randomized decoder is a probability distribution over the set of deterministic decoders.
We say that the code C' C Fy admits reliable communication on the qSC,, if there exists
a randomized decoder D such that for all ¢ € C', we have

Pr[D(c+z) =c] >1-o0(1),

where the probability is taken over both the randomized decoder D and the random
variable z ~ p. A mazimum-likelihood decoder D* over the qSC is a deterministic
decoder that, upon seeing a corrupted message m, returns a codeword ¢ € C' closest to
m. We say that D* is symmetric if it breaks ties in a symmetric way, meaning that if
D*(z) = 0 then D*(z+4c¢) = c. It is well-known that any symmetric maximum-likelihood
decoder is optimal for decoding random errors (see, e.g. [MSTT7], page 8).
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Fact 6. For any code C' C T}, any corresponding symmetric mazimum-likelihood
decoder D* is optimal. That is, for any p € (0,1) and any decoder D, we have
min{ Pr [D(c+ z2) :c}} < min{
ceC U z~p

ceC

ZE}; [D*(c+ z) = c]}
2.5. Communication Channels. We will be interested in the performance of codes
under both stochastic and adversarial noise.

The model we will use for stochastic noise is the g-ary Symmetric Channel, which
is characterized by a parameter p € (0,1). When an element c of the code C' C F}
is sent through the g-ary Symmetric Channel qSC,,, each of its n entries is corrupted
independently at random with probability p. If corrupted, the i™" entry ¢; is replaced
by a uniformly random element in F, \ {¢;}. It is well-known [Sha48] that a uniformly
random code C' C IFZ of rate

rate(C) =1 — hy(p) — o(1)

will with high probability admit reliable communication on the qSC),, where h, denotes
the g-ary entropy function

1
he(p) := (1 — p)log, Tp +plog, T
On the other hand, no code C' C F} of rate 1 — hy(p) + o(1) can admit reliable
communication on the qSC;,. Thus we have the following definition of qSC-capacity.

Definition 1. A sequence of codes {C,, C IFZ} of rate 1 — hy(p) achieves capacity over
the ¢SC, if there exists a function €(n) = o(1) such that each C,, satisfies
Pr [D(c+z)=¢c >1—¢,.
Z~p—eén,
In the adversarial noise model, the location of the errors is decided by some adversary
rather than being stochastic. We say that the code C' C F} is (p, L)-list decodable if for

any z € [, the ball of radius pn around z contains at most pn codewords ¢ € C. A
uniformly random code C' C Fy' of rate

(7) rate(C) =1 — hy(p) — €

is (p, O(%))-list decodable with high probability (see for e.g. [GRS23], Theorem 7.4.1).
On the other hand, no code €' C F} of rate larger than 1 — hy(p) + € is (p, L)-list
decodable for any L < ¢*(“". Thus we obtain the following definition of list decoding
capacity.

Definition 2. A sequence of codes {C,, C Ty} of rate 1 — hy(p) achieves list decoding
capacity if for every function L(n) = w(1), there exists a function e(n) = o(1) such that
each C,, is (p — €(n), L(n))-list decodable.

We note for example that by equation ([7]), uniformly random codes achieve list

decoding capacity with e(n) = O(ﬁ) But in general, we allow for worse dependence

of e on L: we only require that € go to 0 as n goes to infinity.
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3. AN ISOPERIMETRIC INEQUALITY OVER FINITE FIELDS

In this section, we generalize an Fo-result of Talagrand to finite fields of all sizes. For
any function f : Fy — {0,1} and any point z € [y, we define the quantity

hy(z) = {0{1 €n]:z=0and da #0s.t. f(za;) = O}’ if f(z)=1,

otherwise.

Our goal will be to relate the quantities E[h] and E[f]. Theorem [7| below was proven
for the special case of ¢ = 2 by Talagrand in [Tal93]; we extend that result to arbitrary
field sizes.

Theorem 7. For any monotone decreasing function f : Fy — Fy and any noise
parameter p € [0, 1], we have

E[VAy] > 52 Bl - ),

where all the expectations are taken over the g-ary p-noisy distribution.

Proof. We proceed by induction on n. For the base case n = 1, either we have
f(0) = f(a) for all a € F,, in which case the right-hand side is 0 and the inequality
holds trivially; or we have f(0) = 1 and f(a) = 0 for some a € {1,2,...,g — 1}, in
which case we get

> =P g1 - ).

We thus turn to the induction step. Suppose the desired statement holds for n — 1, and
consider some function f : Fy — Fy. We may assume that

0 e[V < 52

as otherwise the desired claim is trivial. For each a € F,, define the following function
of n — 1 variables.

fa(w) := f(xan).

For convenience, we will denote the expectation of each of these functions by E, := E[fa],
where again the expectations are taken over the p-noisy distribution. By definition, we
have

(9) Elf]=(1-p)B+ 27 3 B

a€F,\{0}
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and thus
BlA(-El) = (1-pB+ L5 Y E)(i-0-nE-L5 ¥ &
a€F, \{0} aeIFq\{O}
- (1—p)E0<1—E0—1—pE0——_ Y E)
a€F,\{0}
p
5(1 E,+(1--LE —(1-pE, -2 E)
Z + - 1) (1—p)Eo 1 Z b
aqu\{O} beF\{0,a}

Extracting from the expression above the terms corresponding to the variance of each
Jfa, we get

E(f](1 - E[f]) = (1 — p)Eo(1 — Ep) + " Z E,(1—F

Locrno)
(1 -pko(Ba-—— 3 E
a€F,\{0}
+—L= > E(0- LB - (1-p)E)
q ae]Fq\{O} q
(10) > E.E,.
Y o)
beF,\{0,a}

The first line in the equation above is the sum of the individual variances. We will now
want to bound the contribution of the other terms. For this it will be useful to replace
each factor of 1 — p by a factor of 1 — £ so that we can complete the square. That is,

we write the summands in the two mlddle lines of . as

(1_p)pE0(Eo—ﬁ Z E> (1_L)L1 Z Ey(Ey — E,)

a€F,\ {0} a-la-1 550
1 p2
(=) > Ey(Ey—E,)
=597 v
and
p p b b
1 > Ea<<1 - q——l)E" -1 —p)Eo> = F(l - q——l) > Ezz<Ea - Eo)
a€F \{0} a€Fg\{0}
1
E.Ey.
+ Z - 1 P 1) 0

a€lF,\{0}
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Combining the two equations above with , we get

p
E[fI(1 - E[f]) = (1 = p)Eo(1 - Ey) + — S E.(1-E.)
Ly
2
p P 2 plg—2)
+<1_q—1)q—1 Z (Eo — Eu) BRCESE Z Eo(Ey — E,)
a€Fq\{0} acF,\{0}
2 2
p*(g—2) P
+ Z (q—1)7? EypEo — (- 1)? Z E.Ep.
beFq\{0} ba%E{}éO}}
clfy ,a

Adding an artificial summation to the fourth and fifth sums above, we get

p
E[f](1 —Elf]) = (1 =p)Eo(1 - Eo) + — Y E(1-E,)
1 a€Fq\{0}
p o, P )
+(1_ _1) 1 Z (E()—Ea)
q q a€F,\{0}
2
p
o (q—1)2 Z (EO(EO —E,) — EyEy+ EaEb).
a€Fq\{0}
beF,\{0,a}

Defining the quantity

Frin = min {f(xan)}} ,

E |
z~pn—1 La€lFq\{0}

we can then bound the variance of f by

E)(1—Elf) < (1= p)Bo(l = Bo) + ——= 3" Eull = Ea) + (1 = —22)p(Eo — Fuia)

2

a€F,\{0} 4=
p2
— Ey— Ey)(Ey— E,
(q — 1>2 Z ( 0 b)( 0 )
a€F,\{0}
beF,\{0,a}
(11) SU-pB(-E)+ L5 3 Fal= B+ (1= —L)p(Bo— )
a€F,\{0}

Now that we have obtained a convenient expression for the right-hand side of our
theorem’s inequality, we turn to bounding the left-hand side. We note that since f is
monotone, we must have

E [ hf(Z)] =(1-p) E [\/hfo(x) + l{f(x()n) =1, f(za,) = 0 for some a € F, \ {0}}}

z~ph prn—l

P Y E )]

~pn—1
acF,\{0} *~P
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Defining the function f~(z) := f(20,) — minser,\ (o} { f(za,)}, we then get
(12)

E V] =0 & [yha e @]

.Ian 1

E [ hfa(x)].

~pn—1
acF \{0} P

But applying the Cauchy-Schwarz inequality E[v/gh|?> < E[g] E[h] and the equality
(a+b)(a—b) = a* — b* we have

-—IE[(\/hh-+f"—-vﬁ@5)%( hyo+ f~ + hh)é}2
<E[Vin t 7~ in|E[Vin + T+ Vg,

Where in the first line we used the fact that f~ takes values in {0,1}, and thus
V f = f~(z) for all z € F~'. We can now bound the expected square root of
hyo + f by

& [V, 7] 2 E Vi + ——22 L
e |

haa ¥ 1=+ /P

E[f7]?
= [Ven] ST e

where in the last line we used the fact that va2+b* < \/(a+b)? = a + b, with
a = +/hs, and b = +/f~. Combining the inequality above with equation |D we get

mmum 1 2

>(1-pE [\/h_fo} +— Z E [ hfa} + Tp(Eo — Enin)?,

aE]Fq\{O}

where in the last line we used assumption and equation to get E [\ /h fo] < %

Applying our induction hypothesis to the functions { f, }ser,, we then have
(1-p)? p 1-p 1—p 2
h]> Eo(1 — E —_— —F,(1—-FE,) + —(Ey — Enin)"-
E[\/ T o o)—f—q_l E]FE\{O} 7 ( )+ 5 (Eo )

Combining this with equation , we indeed get

SANE % ‘E[f](1 - E[f]).

We now denote the minimum non-zero value of h¢(z) by
Ay :=min {hs(z) : z € F} such that hs(z) # 0}.

The expectation of hy can then be bounded as follows.



14 LIST-DECODING CAPACITY IMPLIES CAPACITY ON THE Q-ARY SYMMETRIC CHANNEL

Theorem 8. For any monotone decreasing function f : Fy — Fy and any noise
parameter p € [0, 1], we have

£ [h/] > 52 /A; Bl - B,

where all the expectations are taken with respect to the q-ary p-noisy distribution.

Proof. By Theorem [7| and the Cauchy-Schwarz inequality E[\/g192]> < E[g1] E[gs], we
have

2B -Elf) <E [V

E |hs| Pr [hy(2) #0].

IN

By definition of A, we then get

1%p'IE[f](l —E[f]) < \/IE [hf] : Egy]

E [hy].

1
VA

4. SHARP TRANSITION OF THE DECODING ERROR PROBABILITY

In this section, we will show that the decoding error probability of a linear code
C C Iy over the channel qSC), transitions rapidly from 0 to 1 (as a function of p). For
q = 2, this was proven by Tillich and Zémor in [Zém93, [TZ00]. We follow a similar
approach, and generalize their results to arbitrary field size ¢q. The first building block
of our argument is Russo’s Lemma, which for ¢ = 2 first appeared in [Mar74, [Rus82].
Over arbitrary field size ¢ and for our particular definition of monotonicity, it generalizes
as follows.

Lemma 9. Let f:Fy — {0,1} be a monotone decreasing function. Then we have
d 1

— <—EIh :
= E/()] < —— E [hy(2)

Proof. We think of the parameter p as a vector (p1, pa, ..., p,) with p; = p for all i € [n].
By definition, we have

L g [12] = L E [f:)]

dp =~p iem] Di z~p
Y g [a-pse s E )]
iem) dp; z~p ac{1,2,....q—1}
=Y B [~ £(:00 + f(za0)].

i€[n] a£0
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Since f is monotone decreasing, we must always have f(z0;) > f(za;), and thus
d
T E [ == E [I£(:0) ~ f(zar)]]
p z=p ic[n] art0

Considering only the vectors z with z; = 0, we then get

d
3 E )] < —g[;] E {ﬂ{zz_o} E [I7(=) - (zaz)lﬂ
<=3 & [Ma=0) 1 {Ea A 08 156) -~ fza)l = 1)
i€[n]
1 E )]

O

From Lemma |§|, it is clear that for any monotone function f : Fy — Fy, any lower
bound on E[hs] will yield an upper bound on the width of the threshold of E[f]. We thus
turn to proving bounds on E[hy], for f the indicator function of a successful decoding.
For this we will need the following helpful lemma. Recall that for any vectors a, b € Fy,
we denote by d(a,b) the Hamming weight of a — b.

Lemma 10. Suppose z € F} and c € C satisfy
d(z,0) < d(z,c).

Then we must have

Din(©) 0. o) +min{d(z,¢)}.

cdeC

|supp(c) \ supp(z)| >
Proof. For notational simplicity, we define the set
S = supp(c) \ supp(2)
and the slack quantity
v :=d(z,¢) — min{d(z, )}
cdeC

Our goal is to show that |S| > % — v. We first note that since d(z,c) > d(z,0), we
must have

(13) S| > |{i € supp(c) Nsupp(2) : ¢; = 2}
We also note that

(14) |{i € supp(z) Nsupp(c) : ¢; = z}| > 1}Supp( N supp(z)| — v.

This is because for all a € {1,2,...,¢ — 1}, we have

d(z, ac) = |supp(2) \ supp(c)| + Isupp )\ supp(2)| + |[{i € supp(z) Nsupp(c) : ac; # 2},
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while by averaging there must be some « € {1,2,...,q — 1} such that
1
qg—1
Since d(z,¢) < d(z, ac) + v for every codeword ac, we then get equation (14). With
respect to the minimum distance of our code C', this gives us
Apin < Wt(c)

— |supp(c) \ supp(z)| + |supp(c) N supp(z)|
<|SI+ (=15 +v)
< qlS| +qv,
where in the third line we used equations and . 0

We are now ready to prove our bound on E[hf], for f the indicator function of a
successful decoding. Consider the following total order < on Fy. If wt(a) < wt(b),
then a < b. If wt(a) = wt(b) and the support of a comes after the support of b in
the lexicographic order, then a < b. For completeness’ sake (this last point will not
appear in our analysis), if @ and b have the same support and a comes after b in the full
lexicographic order (i.e. the lexicographic order with order 0 <1 <2 < ... < ¢ —1 over
F,), then we say a < b. Consider the max-likelihood decoder D* : Fy — C' defined by

(15) D*(2) = min{z — c},

[{i € supp(2) N1 supp(e) : ae; = 2}| > —— [supp(=) N supp(c)|.

where the comparisons between vectors are taken with respect to the total order < .
For each codeword ¢ € C, we define the decoding region of ¢ as follows.

Q. :={z€F,:D*(2) =c}.
Claim 11. For all c € C, we have
Pr[D*(z +¢) = ¢] = Prlz € Q).

Z~p z~p
Proof. 1t is clear that
Pr[D*(z) = 0] = Pr[z € Q).

Thus it will suffice to show that for any codeword ¢ € C, the map z — z 4+ cis a
bijection between €1y and €).. But this is indeed the case, as by linearity of C' we have

2€Q <= z2=<z—Ccforalld € C
= z4+c—c<zt+c—Cdforald el
< z+c €.
O
For simplicity, when looking at the 0 codeword we will drop the subscript and write
Q= Q.

We will also abuse notation and write Ag and hq to mean Ay, and hy,, respectively.
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Lemma 12. Consider any linear code C' C Fy. Its corresponding decoding region €2
satisfies

dmin
q

Aq >

_37

where dy;, s the minimum distance of C.
Proof. Consider any 2z € F) with hq(z) # 0. By definition, the following two conditions
must hold.

(i) D*(z) = 0,

(ii) There exist a codeword ¢ € C' and a coordinate i € [n] such that D*(z¢;) = c.
Our goal will be to show that there are at least d"% — 3 choices of coordinates ¢ where
z; = 0 and point (ii) above holds. We note that points (i) and (ii) imply that
(16) d(z,0) < d(z,¢) <d(z0)+ 2.

By Lemma |10, we must then have

dmin
- 2.

(17) ‘SUPp(C> \Supp(z)| >

We now consider two separate cases, depending on the weight of z — c.
Case 1: d(z,¢) € {d(z,0),d(z,0) + 1}. Then for every j € supp(c) \ supp(z), we
have
d(zcj,c) =d(z,¢) — 1
< d(z,0)
=d(zc;,0) — 1,
and thus zc; ¢ Q. By equation , we thus have hqo(z) > dmf —2.
Case 2: d(z,c¢) = d(z,0) + 2. Then for every j € supp(c) \ supp(z), we have
d(zcj,c) =d(z,¢) — 1
=d(z,0)+1
(18) = d(z¢;,0).
We want to show that for all but one choices of j € supp(c) \ supp(z), we have
ze; — ¢ < zey,

or equivalently that the support of zc; — ¢ comes after the support of zc; in the
lexicographic order. We note that by point (ii) above, there exists a coordinate i € [n]
such that supp(zc¢; — ¢) comes after supp(z¢;) in the lexicographic order. But this
means that supp(z — ¢) must come after supp(z) in the lexicographic order. Define the
coordinate

4 := min {j € supp(z —¢) \ supp(z)}

= min {j € supp(c) \supp(Z)},
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where the minimum is taken over the standard order 1 < 2 < 3... < n. Then for any
coordinate j > j*, supp(zc; — ¢) must come after supp(zc¢;) in the lexicographic order.
Combining this with equation ([18)), we get that for every coordinate j € supp(c)\supp(z),
j # 7%, we have

2cj — ¢ < 2.
By equation , there are at least d“‘f — 3 such coordinates. Thus we indeed have
dmin
q

O

Combining our results from Sections [3 and [, we get the following bound on the
derivative of the decoding success probability.

Lemma 13. Consider any linear code C' C ]FZ with minimum distance dyy, > 4q, and
any noise parameter p € [0,1]. The decoding region Q0 for the code C' satisfies

d 1 —Pp dmin
e s = qu Pr|z € Q](1 ~Pifz e Q]),

where all the probabilities are taken with respect to the g-ary p-biased distribution z ~ p.

Proof. By definition, the decoding region 2 is monotone decreasing. By Lemma [9] and
Theorem [§, we then get

4 el < ——1 E [ha(2)

deNp q—lzwp
1—p

<—— L /AP Q(1-P Q).

< g1y BaPrlz € (1~ Prle € )

Applying Lemma [12] we must thus indeed have

d 1—]7 dmin
gy Pz €9 g—2<q_1>,/ : —3Pr[z€Q](1—Pr[z€Q])

1_p dmin
<172 qu Pr[z € Q) (1 —Pifz e Q]).

O

We are now ready to prove our sharp transition result. For convenience, given a fixed
code C, we denote the probability of a decoding success by

g(p) = Prlz € Q].

The theorem below shows that the function g transitions very rapidly from 1 to 0. In
spirit, it says that for any noise parameters p, < p; that aren’t extremely close to each
other, either g(pg) ~ 1 or g(p1) =~ 0.
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Theorem 14. Consider any linear code C' C [y with minimum distance dyin > 4q,
and any noise parameters 0 < pg < p; < 1. Then we have

i VT
g(p1)<1 _g(p0)> S e 41 73/2 (p1 p0)7

where dy;, denotes the minimum distance of the code C.

Proof. Define the function

1 —g(p)
Then by Lemma [13] we have
G_ 1 dg
dp gwxl—ﬂm ap
11— p dmin
< Ty Pk
By the fundamental theorem of calculus, we then have
P1 dG
CMM—G@QZj/-—M
Po dp
> 1— D1 V dmin
=1 pEIE (pl - po)-

By definition of G, we thus get

glp)  1—g(po)
o) (1-gm)) < 720 =0

G(p1)—G(po)
<e 111)1' qi‘}“;“ (p1—po)

=€

5. PROOF OF MAIN RESULTS

In this section, we use our results from Section [4] to prove Theorems [I] and 2] We
first prove a generalization of Theorem [2[ below. Taking § = % In(nL) in the
following theorem gives Theorem [2]

Theorem 15. Let C C Fy be a linear, (p, L)-list decodable code with minimum distance
dwin > 4q. Then for any 6 > 0 and any c € C, we have

_1-p V4min 5
Pr [D*(c—i—z):c] >1—2Le * &7

_1
z~p—n~ 4 -8
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Proof. Define the following decoder D : Fj' — C. Upon seeing a message m € Fy, the
decoder D finds all codewords ¢ € C' that satisfy wt(m — ¢) < pn, and outputs one of
them uniformly at random. The probability of success of this decoder under errors of
probability p — n~1 is bounded by

Pr [D(c+z)=c > Pr [wt(z)<pn] Pr [D(c+z)=c|wt(z) < pn]

_1 _1 _1
z~p—n 4 z~p—n 4 z~p—n 4
1
> (1 —e 2V, =
> (1)
1
> 7
— 2L

where in the second inequality we used Hoeffding’s inequality (Lemma 4] for the first
term, and the fact that C' is (p, L)-decodable for the second term. Now by Fact |§|, the
max-likelihood decoder D* can only have a better decoding probability than D, so we
have

1
19 P D* =c] > —.
(19) D (et =d > o

z~p—n 4
By Theorem [I4] and Claim [I1], we then get

1-p, dmin
Pr [D'(c+z)=c>1-2Le * &7 ’

zp—n~ 4—6

We then turn to proving Theorem [I] from Theorem

Theorem (1, Let {C,, C F7} be a family of linear codes with rate 1 —hy(p), and suppose
{C.} achieves list-decoding capacity. If dpmin(Cy) = w(%), then {C,} achieves
capacity over the q-ary symmetric channel.

Proof. By Definition [2 there exists a function e(n) = o(1) such that each C, is
<p — €p, %)—list decodable. Applying Theorem [15| with § = (%) T o(1),

q 17p)2dmin
we then get
21 — )2y 1 (2 in )
Pr |:D*(C+Z):Czl_%.e 4( q3 )
zwp—en—n7%—§ q
>1—o0(1).
O
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APPENDIX A. ERASURE CHANNEL
In this section, we recall and prove Theorem [3

Theorem . Let C' C Zj be a (p, L)-list decodable code with minimum distance w(log L).

Then C admits reliable communication on the qECy for p' =p — 10\%‘.

Proof. Fix any arbitrary sent codeword ¢ € C'. For any erasure pattern z € {0, 1}", we
define the set of codewords that could be mistaken for ¢ as

S(’Z> = {Cl eC: C‘{ie[n}:ziz()} = Cl’{ie[n]:ziZO}}'

Our goal will be to show that with high probability over the choice of z, ¢ is the only
element in S(z). We first note that by Hoeffding’s inequality (Lemma [4f), we have
Pr [wt(z) > pn] < ¢ 28°"
zwp—lo%
(20) = o(1).

We also note that by our assumption on the minimal distance of C, the probability
that any ¢ € C' be in S(z) can be bounded by
Pr [C, c S(Z)] _ pwt(c+c/)
z~p71°%
< p—w(lognL)
1

(21) <o)

But since C'is (p, L)-list decodable, there are at most L codewords ¢’ € C' satisfying
wt(c + ') < pn. Combining equations and and applying the union bound, we
thus get

Pr [IS(z)] > 1] < Pr[wt(z) > pn] + > Pr [ e S(2)]
ZNP_% sz_% ¢ eCrwt(c+c)<pn * P~ jﬁ
1
<o(l)+L- O<E)
<o(1).

APPENDIX B. NECESSITY OF DISTANCE CONDITION

We construct a linear code C' C F7 of small distance which achieves list-decoding
capacity but not q-SC, capacity. We start with a linear code ¢’ C F% which is list-
decoding capacity achieving with list size L' = L. Then there is € = €], = o(1) so that C’
is (p—e.,, L' )-list decodable. Consider the code C' = span{e;, C'}, where (e;); = 1ifi =1
and (e1); = 0 otherwise. Fix a z € F3, and suppose C' N B(p_2eynt1(2) = {c1, ..., ¢}
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Since (p —2¢')n+ 1 < (p — €)n for all n large enough, we have t < L for all n large
enough. But then C' N Bp_2eyn(2) € {c1,...,c,c1 +e1,..., ¢ + er}. Hence, setting
e = 2€¢ and L = 2L/, we conclude that C also achieves list-decoding capacity.
However, it’s clear that C' cannot achieve q-SC capacity. Indeed, if we send some
c € (' and the first bit gets corrupted, we can no longer distinguish between ¢ and c+e;.
In other words, the probability of decoding error is bounded below by approximately p.

ApPPENDIX C. DISCUSSION OF THE PROOFs IN [KCCI0)

In this section, we discuss the proof of [KCC1()] for the claim that the decoding
success probability of any g-ary linear code with large minimum distance transitions
rapidly from 1 — o(1) to o(1). As far as we can tell, the following two issues suggest
that their proof may not be complete. We thank Hervé Chabanne for useful discussions
on this subject.

The first issue is that the arguments of [KCCI10] rely on the following definition
of monotonicity: a function f : Fy — {0,1} is deemed monotone if whenever the
support of z € Fy is a subset of the support of y € Fy and f(x) =1, then we must
also have f(y) = 1. This definition allows for an easier adaptation of Fy isoperimetric
inequalities, and the authors of [KCC10] prove sharp thresholds results for functions
that are monotone in this sense. They then claim that the non-decoding region of a
linear code C' C FFy satisfies this version of monotonicity. Unfortunately, this is not
true. For instance, consider the case where ¢ = 3 and our code is the span of the
all-1 vector. Then the error string = that has a 1 in the first § + 1 coordinates and 0
everywhere else leads to a decoding failure, while the error string y that has a 1 in the
first 7 + 1 coordinates, a 2 in the next ¥ + 1 coordinates, and a 0 everywhere else leads
to a decoding success.

The second issue in [KCC10] has to do with the neighborhood of boundary points. A
critical part of their argument is their claim that any vector that is in the non-decoding
region Uy := {z € F? : 3c € C'\ {0} : d(z,¢) < d(z,0)} and has at least one neighbor
outside of Uy must have at least %l such neighbors, where d is the minimum distance
of the code. This is true for ¢ = 2, but it does not hold for larger alphabets. For
example, suppose we are working with a field F, for some ¢ > n, and suppose our
code is again the span of the all-1 vector. Now suppose that the error string z is
x=1(0,1,1,2,3,4,...,n — 3,n — 2). This vector is in the non-decoding region Uy, as it
is closer to the vector (1,1,1,...,1) than to the 0 vector. It also has a neighbor outside
of Uy, for instance the vector (0,0,1,2,3,4,5,....,n —4,n — 3,n — 2). However it only
has 2 such neighbors: the ones obtained by setting the second coordinate or the third
coordinate of x to 0. Setting any other coordinate to 0 would yield a vector that is still
in Uy, as it is equally far from the 0 vector and the all-1 vector.
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